
ABSTRACT
Stability of motion, turnability, mobility and fuel
consumption of all-wheel drive terrain vehicles strongly
depends on engine power distribution among the front and
rear driving axles and then between the left and right wheels
of each axle. This paper considers kinematic discrepancy,
which characterizes the difference of the theoretical velocities
of the front and rear wheels, as the main factor that influences
power distribution among the driving axles/wheels of
vehicles with positively locked front and rear axles. The
paper presents a new algorithm which enables minimization
of the kinematic discrepancy factor for the improvement of
AWD terrain vehicle dynamics while keeping up with
minimal power losses for tire slip. Three control modes
associated with gear ratio control of the front and rear driving
axles are derived to provide the required change in kinematic
discrepancy. Computer simulation results are presented for
different scenarios of terrain and road conditions. The
effectiveness of the proposed control algorithm was
analytically proved by modeling the same vehicle with no
kinematic discrepancy control.

INTRODUCTION
The phenomenon of kinematic discrepancy is an inherent
property of all-wheel drive (AWD) vehicles with positively
engaged drive axles. By this effect is meant the difference of
theoretical velocities (no slip occurs) of the front and rear
wheels. Kinematic discrepancy influences significantly power
distribution between the driving axles and wheels and as
consequence fuel consumption, mobility, and stability.
Kinematic discrepancy was originally introduced in [1, 2] and
then research was continued by [3, 4, 5, 6, 7]. A generalized

approach to kinematic discrepancy of multi-wheel drive
vehicle is presented in [8]. An AWD vehicle can feature
kinematic discrepancy in the case of being equipped with
locked up power dividing units, or positively engaged PDUs.
Figure 1 presents an example of the positively engaged PDU,
i.e. a free-running clutch. It makes possible automatic
engagement and disengagement of a driving axle. When
power is transmitted only to the rear wheels, ring 1 that is set
into rotation by the front wheels that are still not connected to
the drive, but receive their rotation from the road, rotates at
higher angular velocity than ring 2 that is set into rotation by
the vehicle's engine. This takes place due to kinematic
discrepancy between the front and rear wheels.

When the slip of the rear wheels is increased, the vehicle
slows down and consequently, the rotational speed of ring 1
decreases. At the instant when the angular speeds of rings 1
and 2 become identical, rollers 3 become wedged in between
the rings and torque starts being transmitted to the front axle.
Gear-type clutch 4 can be used for manual engagement the
front axle bypassing the free-running clutch.

Two layouts of modern designs of positively engaged
drivelines are presented in Table 1.

One of the most demanded challenges for the automatic
control on AWD vehicles with the discussed driveline
architecture is the minimization of kinematic discrepancy. A
corresponding problem solving can positively influence a
number of operational vehicle characteristics like
performance, tire wear, or cross-county ability. The control
principles related to this minimization as well as their
verification with simulation technique are discussed in the
chapters that follow.
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ANALYSIS OF KINEMATIC
DISCREPANCY EFFECT
An AWD vehicle with two axles coupled by a positively
locked drive, Fig. 2, should have the same theoretical
velocities of the front and rear wheels to provide better
energy efficiency of the vehicle [1, 4, 5, 8, 9] This is
described as follows

Figure 2. Layout of AWD vehicle

Figure 1. Free-Running Clutch

Table 1. Layouts of AWD systems with controlled clutches
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(1),

where  and  are the generalized rolling radii of the
front and rear wheels, reduced to the interwheel differentials
of the axles, ω01 and ω02 are the angular velocities of the
interwheel differentials and u1 and u2 are the gear ratios from
the shaft of the transfer case that rotates at angular velocity
ω0 to the housings of the interwheel differentials.

Note, that if the vehicle does not use wheel-hub gear sets,
then u1 and u2 are the gear ratios from the transfer case to the
front and rear wheels, and the numerical values of the wheel-
hub gear set is set to unity (uk= 1). If, however, the vehicle
makes use of wheel-hub gear sets (in the general case
uk1≠uk2≠1), then u1 and u2 represent as before the gear ratios
from the transfer case to the housings of the interwheel
differentials, and the gear ratios uk1 and uk2 are included in

calculating the generalized radii  and  in the course
of reducing them to the interwheel differentials.

From equation (1) the condition of kinematic conformity (the
equality Vt1=Vt2) is written as

(2)

This means that the desired kinematic conformity may be
attained even in the case of different dimensions (models of
wheels), but of suitable gear ratios of the axles. If this
equality is not satisfied, then there occurs kinematic
discrepancy. To assess the extent of disagreement of the
theoretical velocities Vt1 and Vt2, the kinematic discrepancy
factor was introduced as

(3),

that incorporates the inequality of the rolling radii r0
a1 and

r0
a2 of the gear ratios u1 and u2.

Condition (2) that assumes equality of the theoretical linear
velocities of the axle centers holds in rectilinear motion and
when taking a turn provided that both axles are steered and
the rear wheels follow the motion of the front wheels. When
only one axle is steered and the centers of axles move over

curves of different radii then, conversely, kinematic
agreement of the traveled path and angular velocities of the
front and rear wheels requires that the linear velocities of the
axle centers should not be equal. This is now expressed
mathematically. The paths traversed by the front and rear
wheels (Fig. 3) can be expressed as:

(4)

The parameters D1, D2, Vt1, and Vt2 can be defined as (see
Figs. 2 and 3):

(5)

Substitution of Eq. (4) into Eq. (5) yields the condition of
agreement in curvilinear motion of the vehicle:

(6)

When the condition (6) is not satisfied because of constant
values of the gear ratios u1 and u2 and also due to the

assumption of equal rolling radii  and , kinematic
discrepancy should be set in accordance with Eq. (3) to
compensate discrepancy in theoretical velocities caused by
the difference in the turn radii Rt1 and Rt2. This is considered
in next section of the paper.

KINEMATIC DISCREPANCY
CONTROL PRINCIPLE
Reduction of the design kinematic discrepancy to zero upon
manual engagement of the front axle can be treated as control
of the kinematic discrepancy. This example gives rise to the
thought of the need to control the numerical value and sign of
the kinematic discrepancy factor upon changes in the
conditions of the vehicle's motionwhen taking a turn:

(7)

Consider an AWD vehicle with front steered wheels and
positively engaged interaxle power-dividing unit, which does
not have design kinematic discrepancy (mru = 0). When this
vehicle takes a turn, kinematic discrepancy mR arises that is
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caused the difference in the turning radii of the front and rear
axles, Rt1 ≠ Rt2, and calculated from Eq. (7).

(8)

Figure 3. Turning of AWD vehicle

The numerical value of mR is positive and increases with the
angle of turn δ of the front wheels. The increase in mR brings
about an increase in the circumferential force Fx2 of the rear
wheels and reduction in circumferential force Fx1 of the front
wheels [8]. At large δ, mR attains substantial values, which
may cause parasitic power circulation, i.e., negative values of
Fx1. This changes the direction and increases the numerical
value of the lateral reaction Fl1 and simultaneously increases
vehicle understeering. If the gear ratios u1 or u2 in the drives
of the axles are changed in the course of the turn, then the
kinematic discrepancy muR may be reduced to zero and the
increase in understeering of the vehicle can be avoided. This
shall be shown using the expression for muR that can be

derived from (7) assuming :

(9)

Then from Eqs. (7) and (8) one can obtain:

(10)

Gear ratios u1 and u2 are in general determined by the gear
ratios uf1 and uf2 of the final drives and the gear ratios of the
wheel-hub reduction gears uk1 and uk2:

(11)

By installing power transmitting units with variable gear
ratios uPTU1 and uPTU2 in the axle drives, the equations are:

(12)

(13)

If the vehicle has no wheel-hub reduction gears then gear
ratios u1 and u2 are determined only by the gear ratios of the
final drives uf1 and uf2. Here usually uf1 = uf2. In this case
Eqs. (14) and (15) can be simplified:

(14)

(15)

Eqs. (14) and (15) are plotted in Fig. 4. The use of the
additional power-transmitting unit in the drive of either the
rear axle (for implementing Eq. (14)) or of the front axle (for
implementing Eq. (15)) will cause differences in the
mechanical power loss in the drives, i.e., ηM1 ≠ ηM2.

To provide for equality of these two efficiencies it is
necessary to install a power-transmitting unit in each of the
drives of the axles, i.e., to simultaneously control the values
of u1 and u2. The control formula can be obtained from (7):

(16)

It follows from the turning geometry of a vehicle:

(17)

and finally
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(18)

i.e., when simultaneously controlling the values of u1 and u2
their ratio must be maintained equal to cos δ. To achieve this,
u1 should decrease when the vehicle turns and u2 should
increase. Note that formula (18) corresponds to the particular
cases expressed by Eq. (10) when either u1 or u2 are assumed
to be constant.

Conformance to formulae (10) and (18) ensures zero
kinematic discrepancy in the turning of an AWD vehicle.
Laws for controlling the values of u1 and u2 that would
ensure negative values of muR, i.e., would promote
oversteering of the vehicle, can be obtained similarly.

VALIDATION OF KINEMATICS
DISCREPANCY CONTROL
NONLINEAR VEHICLE MODEL
The vehicle model developed for validation of kinematic
discrepancy contains a set of equations that describe
curvilinear motion of the user's vehicle. This model contains
a set if equations that describe the curvilinear motion of a
vehicle on a plane, redistribution of normal loads, the engine,
the gearbox, the contact interaction of tires with the road. The
computational model of the turning of an AWD vehicle with
front steering wheels is shown in Fig. 5.

The normal wheel reactions were determined with
consideration of the vibrations of sprung mass and unsprung
mass of the vehicle that stem from the elastic properties of
the tires and interaction with the micro-topography of the
road. Circumferential forces Fxi and lateral forces Fli were
calculated from expressions for normal reactions of the
wheels, road conditions, slip and vehicle sideslip. Equations
of curvilinear motion of the vehicle on plane are:

(19)

Figure 5. Computational schematic of AWD vehicle in
turn

The model of vehicle's motion was constructed using the
modular principle, i.e., the vehicle's systems were formed into
individual blocks with their input and output parameters.
Figure 6 shows a general schematic of this model; the

Figure 4. Gear Ratios of Power-Transmitting Units
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principal parameters calculated within the systems-
representing blocks are shown inside of them.

REFERENCE VEHICLE MODEL FOR
CONTROL ALGORITHM
A reference vehicle model deals with idealized parameters of
vehicle dynamics. This model is necessary to find the control
error as difference between idealized and real parameters
obtained by on-vehicle sensors. Considering the vehicle
motion in the reference model, the assumptions are being
made that sideslip angles and slip values are small. As a
consequence longitudinal and lateral forces can be linearized
as follows:

(20)

Then the vehicle motions will be described by set of
equations:

(21)

At that sideslip angles are:

(22)

(23)

(24)

(25)

Because numerators and denominators in (26), (27), (28),
(29) are state variables, it can be assumed that the parameter

 has a constant value. Then

(26)

Figure 6. General representation scheme
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Other allowances are:
• Maximal value of self-aligning moment is negligible
• Turning angle is small and cos δ = 1
• Longitudinal and lateral stiffness of left and right wheels are
equal.

Then

(27),
or in a matrix form:

(28)
where

(29)

(30)

(31)

(32)

The error between reference and measured yaw rate and
vehicle side slip angle will be defined

(33)

(34)

VALIDATION SCENARIO
The scenario described below was developed for the AWD
vehicle, Table 2, equipped with interwheel differentials and
an active power dividing unit in interaxle drive (links to front
and rear axles through friction clutches). At that the
kinematic discrepancy is described with Eqs. (7) and (8).

Surface conditions:

• Asphalt

• Soil (friction coefficient 0.5…0.7 and initial rolling
resistance coefficient of 0.02…0.03).

Maneuver: Turning with preset speed; turning angle on front
wheels is faded; both axles are switched off. To reach null
value of kinematic discrepancy, the system must follow the
dependencies:

Table 2. Technical data of vehicle
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(35)

(36)

For this purpose three following controlling methods can be
applied:

• Change of uPTU1 only;

• Change of uPTU2 only;

• Change of uPTU1 and uPTU2 simultaneously.

In addition, the control algorithm determinates errors between
the measured and computed (by reference model) yaw rate
and vehicle slip angle. Hence kinematic discrepancy is also
being changed through PDU ratios to minimize these errors.

The test cases are compared with similar maneuvers without
kinematic discrepancy control actions. In these non-
controlled maneuvers the traction forces on front wheels are
negative that leads to understeering and increased fuel
consumption.

ANALYSIS OF SIMULATION RESULTS
FOR DRIVING ON DRY ASPHALT AND
TERRAIN
The simulation results for AWD truck driving on dry asphalt
are shown on Figures 7, 8, 9, 10, 11, 12, 13. At that interaxle
drive is blocked, and kinematic discrepancy has been
minimized through different control strategies. Without the
control on kinematic discrepancy the resulting longitudinal
force on front axle becomes negative value that causes the
vehicle understeering, Figure 7.

Changing the PDU ratio as applied to front axle, Figure 8, it
is possible to become null-level of kinematic discrepancy and
as consequence the positive longitudinal force on front
wheels. The same effect can be also obtained for rear wheels,
Figure 9.

Performing a simultaneous control on both axles, the process
flows differently and resulting longitudinal force on rear
wheels tends to negative values that causes the oversteering,
Figure 10.

Figures 10, 11, 12 displays charts for vehicle trajectory, yaw
rate error, and vehicle side slip error for each of four case
studies considered. It can be seen from these charts that
understeering takes place by driving without control.

Next results were obtained for the driving of the AWD truck
in terrain conditions characterized by average friction
coefficient of 0.5 and initial rolling resistance coefficient of
0.0275. The simulation results for terrain on Figure 14, 15,
16, 17, 18, 19, 20 are given in the same sequence as previous
results for the asphalt condition of motion.

SUMMARY/CONCLUSIONS
As shown in the paper, the kinematic discrepancy factor has
to be controlled when 4×4 vehicles make turns. The
developed fundamentals provide a control algorithm which is
necessary for increasing the vehicle energy efficiency by
minimizing the tire slip power losses. The reader can see that
the layouts described in the paper are capable to control the
kinematic discrepancy factor and provide its zero value when
a 4×4 vehicle is on a curve. This should prompt engineers to
better designs of interaxle positively engaged driveline
systems.
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Figure 7. Simulation Results without Kinematic Discrepancy Control
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Figure 8. Simulation Results with Control Using Changing Ratio to Front Axle

Figure 9. Simulation Results with Control Using Changing Ratio to Rear Axle
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Figure 10. Simulation Results with Control Using Changing Ratio to Both Axles

Figure 11. Trajectories (here and later: w/o - without control, FC - control on front axle, RC - control on rear axle, BC - control
on both axles)© SAE In
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Figure 12. Yaw Rate Error vs. Time

Figure 13. Vehicle Side Slip Error vs. Time
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Figure 14. Simulation Results without Kinematic Discrepancy Control (Terrain Conditions)

Figure 15. Simulation Results with Control Using Changing Ratio to Front Axle (Terrain Conditions)
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Figure 16. Simulation Results with Control Using Changing Ratio to Rear Axle (Terrain Conditions)

Figure 17. Simulation Results with Control Using Changing Ratio to Both Axles (Terrain Conditions)
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Figure 18. Trajectories (Terrain Conditions)

Figure 19. Yaw Rate Error vs. Time (Terrain Conditions)
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Figure 20. Vehicle Side Slip Angle Error vs. Time (Terrain Conditions)
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